Abstract. We study sufficient conditions for the convergence of value processes of self-financial strategies in the case of a d-dimensional financial market with continuous time. The conditions for the weak convergence of value processes are discussed in detail for the Black-Scholes market model. We also consider the "inverse" problem for the weak convergence of risk-minimizing strategies.
Introduction
In the current paper, we consider the convergence of value processes of self-financing strategies for a d-dimensional market with continuous time as the strategies converge. We find conditions for the weak convergence of the corresponding probability measures in the Skorokhod space D[0, T ]. The proofs below use the results of [1] concerning the weak convergence of stochastic integrals with respect to semimartingales. Conditions for the convergence of value processes are discussed in detail for the Black-Scholes model.
In Section 5, we consider the inverse problem. Namely, we study the convergence of strategies minimizing the mean square and local square risk as the sequence of the corresponding contingent claims converge. A similar problem is considered in [2] and [3] . The paper [2] deals with the one-dimensional case. For this case, conditions are found in [2] for the convergence of strategies minimizing the local square risk in the space L 2 as the sequence of contingent claims, as well as discounted price processes, converges. The paper [3] studies a d-dimensional finance market with continuous time. However the problem is solved in [3] only for a certain class of discounted price processes, namely for those processes that satisfy the so-called structure condition:
Moreover, the problem on the convergence of a single component of a strategy ξ n is still open. We use some of the results of the paper [1] and determine the conditions for such a convergence.
A model of a financial market with continuous time
We briefly describe a model of a financial market with continuous time considered in [6] . Let (Ω, F, P) be a probability space with a given filtration {F t } t∈ [0,T ] satisfying the standard assumptions on the right continuity and completeness. Moreover we assume that F 0 = {∅, Ω} and F T = F. Let
be an F t -adapted d-dimensional price process for risky assets whose components are positive almost surely. As a rule we will assume that S 0 (t) is a riskfree asset. Then the discounted price process for the risky asset is defined by X(t) := S(t)/S 0 (t), t ∈ [0, T ]. In this model, S i (t) for all 1 ≤ i ≤ d means the price for the asset i at the moment t, while S 0 (t) is the price of a riskfree asset (say, the price process for a bank account). All the processes are assumed to be right continuous and to have limits on the left.
In what follows we assume that the process X(t) is a square integrable semimartingale admitting the following decomposition:
i is a predictable process of bounded variation such that B i (0) = 0.
In what follows we use the following notation:
Note that ξ i (t) is the total amount of shares of the asset i in the investor portfolio at the moment t if 1 ≤ i ≤ d, while ξ 0 (t) is the amount of units of the riskfree asset. Then V (t) is the value of the portfolio. Condition 1) means that the investor should determine the amount of shares for every asset in the portfolio prior to the next change of prices in the financial market.
Definition 2.
The process V (t) defined above is called the value process for the strategy (ξ 0 , ξ). The price process for the strategy (ξ 0 , ξ) is defined by 
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Below we provide some important examples of self-financing and self-financing in the mean sense strategies.
where the c i , 0 ≤ i ≤ d, are some constants, is self-financing (it is known as the "buy and hold" strategy). Indeed,
Example 2. A strategy
where the c i , 0 ≤ i ≤ d, are some constants and where ξ 0 (t) and X(t) are martingales, is self-financing in the mean sense. Indeed,
Example 3. Consider an arbitrage free market. Let the objective measure be risk neutral. This means that the processes X i (t) are martingales with respect to the measure P. Then the strategy ξ
is self-financing in the mean sense if and only if V (t) is a martingale with respect to the measure P. Indeed,
3. Weak convergence of value processes for self-financing strategies
In this section, we consider the problem of convergence of value processes for selffinancing strategies as the strategies and the corresponding price processes converge. First we set the assumptions for this problem.
In what follows the symbol E n denotes the expectation with respect to the measure P n . Let
semimartingales whose components admit the following decomposition:
where We further assume that the sequence of the investor strategies
n -almost surely and for all n ∈ Z + and 1
Below we use the notation introduced in the first part of this paper [1] . Fix some countable and everywhere dense in the interval [0, T ] set I ⊂ R + . Put
We also denote by L T I the class of all sequences
of finite partitions of the interval [0, T ] satisfying the following two conditions:
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The symbol "⇒" stands for the weak convergence of finite-dimensional distributions, while the symbol "
−→ " denotes the weak convergence of probability measures on the interval [0, T ] in the Skorokhod topology.
We also introduce the following notation: 
Theorem 1. Let the strategies {ξ
Proof. 1. First we assume that the set of conditions (A 1 ) holds. Condition 1) implies the weak convergence of finite-dimensional distributions:
Now we use conditions 2)-4) to prove that the sequence of processes V n (t) is dense:
Then Theorem 1 (Chapter 2, Section 6, §3 of [4] ) implies that the sequence V n (·) is relatively compact in the Skorokhod topology. Now we derive the convergence in the Skorokhod topology of the sequence of stochastic integrals from the weak convergence of their finite-dimensional distributions.
2. Now we consider the case where all the conditions of the set (A 2 ) hold. Since the strategies {ξ
where C is a constant. Applying Theorem 5 of [1] we complete the proof.
The weak convergence of value processes in the Black-Scholes market
Consider a particular case where all the processes are defined on the same stochastic basis and the price process is defined as follows: equalities (5) are well defined. We also assume that
Then the discounted price process is defined as follows:
Theorem 2. Let the discounted price processes be defined by equalities (6) . Assume that
Proof. Condition 2) implies that, for all 1 ≤ i ≤ d,
Then conditions 1), 2), equalities (7), and Theorem 4.4 of [5] yield
Clearly, all the conditions of the set (A 1 ) follow from conditions 1)-6), whence we obtain the weak convergence
Now we prove that the sequence of processes V n (t) is dense:
According to condition 2), we have for all
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Here we used bounds (8) and equality
in (9). Now, recalling (8), we see that it remains to prove that
for all η > 0. For this, we use the Lenglart inequality (Theorem 3 in [4] , p. 57) and conditions 3) and 4):
Therefore Theorem 1 in [4] (see Chapter 2, Section 6, §3 in [4] ) yields that the sequence V n (t) is relatively compact in the Skorokhod topology. Finally, we derive the convergence of the sequence of stochastic integrals in the Skorokhod topology from the convergence of their finite-dimensional distributions.
Risk minimizing strategies and their stability
In this section, we consider the hedging problem for a contingent claim H at a moment T . The simplest example of such a contingent claim is the discounted European option of the form H = (X T − K)
+ for an underlying asset {X t , t ∈ [0, T ]}. The hedging problem in our case is to find a strategy that generates the amount H at the moment T and, simultaneously, minimizes a certain measure of risk. We also consider the stability of such strategies under the convergence of a sequence of contingent claims H n (the mode of their convergence will be specified later).
Consider a model of a financial market constructed above and let the corresponding value process be given by (1) . Let H be a contingent claim with expiration time T , that is, H is a random variable such that H ∈ L 2 (Ω, F T , P). 
is called the mean square risk process of a strategy.
Let a contingent claim admit the following decomposition:
, dX(t)) P -almost surely (see Notation 1), where ξ H satisfies the assumptions imposed in Definition 1. Then one can follow the following strategy:
This strategy is H-admissible, self-financing (since C t = C T = H 0 for 0 ≤ t ≤ T ), and minimizes the mean square risk (namely, R ξ (t) = 0 for 0 ≤ t ≤ T ).
Consider a sequence of contingent claims {H n , n ∈ Z + } admitting the following decomposition:
P-almost surely.
Definition 7.
We say that the price process associated with assets {S i , 0 ≤ i ≤ d} has conditionally linearly independent components if whenever Proof. The sufficiency is obvious.
Necessity. Let
One can define the process ξ 0 in such a way that the strategy (ξ 0 , ξ) is self-financing, that is, C(t) = C almost surely with respect to the measure P, where C is a constant. Indeed, if
Multiplying equality (11) by S 0 (t) we obtain ξ 0 (t) − C S 0 (t) + Proof. Since the sequence of contingent claims {H n , n ∈ Z + } admits decomposition (10), the strategies V n (t) − ξ H,n (t) · X, ξ 
